Abstract. The quotient L/A[−1] of a pair A → L of Lie algebroids is a Lie algebra object in the derived category D b (A) of the category A of left U (A)-modules, the Atiyah class α L/A being its Lie bracket. In this note, we describe the universal enveloping algebra of the Lie algebra object L/A[−1] and we prove that it is a Hopf algebra object in D b (A).
Introduction
Let A be a Lie algebroid over a manifold M . Its space of smooth sections Γ(A) is a Lie-Rinehart algebra over the commutative ring R = C ∞ (M ). By an A-module, we mean a module over the Lie-Rinehart algebra corresponding to the Lie algebroid A, i.e. a module over the associative algebra U(A).
Recall that the universal enveloping algebra U(A) of a Lie algebroid A over M is simultaneously an associative algebra and an R-bimodule. In case the Lie algebroid A is real, U(A) is canonically identified to the algebra of left-invariant s-fiberwise differential operators on the local Lie groupoid A integrating A. Let us recall its construction.
The vector space g = R ⊕ Γ(A) admits a natural Lie algebra structure given by the Lie bracket [f + X, g + Y ] = ρ(X)g − ρ(Y )f + [X, Y ], where f, g ∈ R and X, Y ∈ Γ(A). Here ρ denotes the anchor map. Let i denote the natural inclusion of g into its universal enveloping algebra U(g). The universal enveloping algebra U(A) of the Lie algebroid A is the quotient of the subalgebra of U(g) generated by i(g) by the two-sided ideal generated by the elements of the
When A is a Lie algebra, U(A) is indeed the usual universal enveloping algebra. On the other hand, when A is the tangent bundle T M , U(A) is the algebra of differential operators on M .
We use the symbol A to denote the abelian category of A-modules. Abusing terminology, we say that a vector bundle E over M is an A-module if Γ(E) ∈ A.
Given a Lie pair (L, A) of algebroids, i.e. a Lie algebroid L with a Lie subalgebroid A, the Atiyah class α E of an A-module E relative to the pair (L, A) is defined as the obstruction to the existence of an A-compatible L-connection on the vector bundle E. An L-connection ∇ on an A-module E is said to be A-compatible if it extends the given flat A-connection on E and satisfies ∇ a ∇ l − ∇ l ∇ a = ∇ [a,l] for all a ∈ Γ(A) and l ∈ Γ(L). This fairly recently defined class (see [1] ) has as double origin, which it generalizes, the Atiyah class of holomorphic vector bundles and the Molino class of foliations.
The quotient L/A of any Lie pair (L, A) is an A-module [1] . Its Atiyah class α L/A can be described as follows. Choose an L-connection ∇ on L/A extending the A-action. Its curvature is the vector bundle map The following was proved in [1] .
It is well known that every ordinary Lie algebra g admits a universal enveloping algebra U(g), which is a Hopf algebra. We are thus led to the following natural questions: does there exist a universal enveloping algebra for L/A[−1] in D b (A) and, if so, is it a Hopf algebra object?
In this Note, we give a positive answer to the questions above. For a complex manifold X, the Atiyah class of the Lie pair (T X ⊗C, T 0,1 X ) is simply the usual Atiayh class of the holomorphic tangent bundle T X recently exploited by Kapranov [2] . It was proved that the universal enveloping algebra of the Lie algebra object [5, 6, 7] . This result played an important role in the study of several aspects of complex geometry including the Riemann-Roch theorem [5] , the Chern character [6] and the Rozansky-Witten invariants [7, 8] . Applications of our result will be developed elsewhere.
Hochschild-Kostant-Rosenberg map
It is known [9] that the universal enveloping algebra U(L) of a Lie algebroid L admits a cocommutative coassociative coproduct ∆ :
, which is defined on generators as follows: ∆(f ) = f⊗1 = 1⊗f , ∀f ∈ R and ∆(l) = l⊗1+1⊗l, ∀l ∈ Γ(L). Here, and in the sequel,⊗ stands for the tensor product of left R-
Now, given a Lie pair (L, A), consider the quotient D 
is simultaneously a cocommutative coassociative R-coalgebra and an A-module. Moreover, its comultiplication is compatible with its A-action:
for any p 1 , p 2 , . . . , p n ∈ D 
is a complex of A-modules:
poly extends naturally to the Hochschild-KostantRosenberg map
by skew-symmetrization: To prove the proposition for complex Lie algebroids, it suffices to consider formal groupoids instead of local Lie groupoids [3] .
Universal enveloping algebra of
Following Markarian [5] , Ramadoss [6] , and Roberts-Willerton [7] , we introduce the following: Definition 3.1. If it exists, the universal enveloping algebra of a Lie algebra object
together with a morphism of Lie algebras i : G → H satisfying the following universal property: given any associative algebra object K and any morphism of Lie algebras f :
In view of the similarity between (D Is is simple to check that
for all homogeneous P, Q ∈ D 
where S j i denotes the set of (i, j)-shuffles. 1 An (i, j)-shuffle is a permutation σ of the set {1, 2,
• poly be the symmetrization map:
The Koszul sign sgn(σ; z 1 , · · · , z n ) of a permutation σ of the (homogeneous) vectors z 1 , z 2 , . . . , z n ∈ S • (L(D 1 poly )) is determined by the relation z σ(1) z σ(2) · · · z σ(n) = sgn(σ; z 1 , · · · , z n )z 1 z 2 · · · z n . 
